CHAPTER XXXII. 


ELLIPTIC INTEGRALS (continued). THE 
WEIERSTRASSIAN FORMS. 


pea: It was stated in Chapter XI. that the integration of 
P Q' where Q is a rational quartic function of z, could be made 
to depend by a suitable homographie substitution upon the 


dz ; 
Ja) B35)’ E35 where Ё is real and < 1, 
and the properties of 2 when expressed as a function of и, as 
also those of /1—2? and J/1— 2, have been discussed in the 
last chapter. This is the Legendrian and Jacobian mode of 
procedure. 
A more modern method is due to Weierstrass. In this 


integration и= = |, 


method the same integral, viz. Jo is shown to be also 


reducible by a suitable homographie transformation to the 
Ж dz 

| 4 — Iz—J' 
viz. functions of the coefficients of Q, and of the constants of 
the homographie transformation formulae. The function u, 
regarded as dependent upon z, is considered as the inverse 
function, and z expressed as a function of u as the direct 
function. It is usual to write г=ф (ми), or (u, I, J) if it be 
desired to put into evidence the values of J and J. (u) is 
called the Weierstrassian Function. 

The letters g,, 9. are very commonly used instead of I and 
J, but as powers of these letters occur very frequently there 
appears to be less risk of error in practice if we use the I, J 
notation. 


form u= where J, J are certain constants 
2 
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1381. The modes of reduction of the general integral [® 


to the respective Legendrian and Weierstrassian forms will 
be discussed at length in the next chapter. For the present 
we shall be occupied with an examination of the nature and 
. properties of the function g(u) and the allied functions ¢(u) 
and c(u), respectively defined by the equations 


t) = — [еды log о (о) 


These are respectively referred to as the Weierstrassian Zeta 
and Sigma functions. 
1382. Preliminary Remarks. 
The general binary quartic 
О = а 4a425y + бах? у? - 4«,0? + ayt 
possesses two invariants for a linear transformation 
e=LX+mY, у=ЬХ-+т,У, 
viz. I= a,a,—4a,a,+ За, 
the quadratic invariant, or quadrinvariant, 
= agdt,q,-1-2a,0,04 — 400,2 — 040,2 — a 
=| а, 4, а, b the cubic invariant, or cubin- 
@ А; был, | variant. 
Ч, Og, "04 | 
If a transformation of this kind has reduced the original 
quartic to the form 
0. X*--4X3Y --6.0X?Y?-- 4a, X Y?-- a, У“, 


then for this new form 


1'—0.a/—4.1a4--3.0?— —4a, and J’=| 0, 1, 0 |=—a,, 
loo, ey 
0, d а, 


and the form has become 

Y (4X2 —I'XY?—J'Y5), 
or if Y be unity, 4X?—IX-—J, the accents being dropped as 
the meanings of 7 and J will be obvious. 


1383. If e,, е, e, be the roots of the equation 42 — Iz — J — 0, 
so that 423 — 12— 7 = 4(2—е1)(2—е,)(2—е,), we shall lose no 
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generality in assuming for the present that е, e,, e, are all real. 
For it wil be shown that if two of these quantities be 
complementary imaginaries, say е,, ез, then a substitution of 
the form ~ »,=(z—e,)(z—e,)/(z—e,) will reduce the integration 


| ў dz 
z /4(z—e,)(z—e,)(z—- eg) 
to the similar form 

a. n 

$ J4(F—m) (С т) (Ё т) 

where 7,, no n are all real constants such that 5,4-5,4-5,—0 
(Art. 1456). We therefore assume for the present that e, e,, 
ез are all real, e,+-e,+e,=0 and e, > e, >> ез. We also have 


I 
== — (ее. + езе, + €,65) 


+ 
2 2 2 
e “tHe He 
ee 2 a: 25 "m P EM RPP 
IRN 
iu 


1384. The Differential Coefficients of (н). 
Р dz 

z М/423— Iz — J 
the upper limit, the integrand vanishing when z is infinite. 


The integral ф-(2)=и =| is made definite at 


Differentiating, 4 = -VÆ II, се. @'(u)=-V BPW) ЕВА 
i.e. 2’ (и) = 4%3(и) -Ie(u)—J. Hence also 
9" (u) = 60%и) –31=62 – 31, "(u)- 129(u)g (и) = 1222, 
g" (и) =12[0 4u) + (u)e"(u)]=12 [102-2 ixit], 
@ (и) = [3609 (и) – 181] (u) = (36022 — 181)7,, etc. ; 
whence it appears that the successive differential coefficients 


of g(w) with regard to 4 are alternately irrational and 
rational functions of (т). 

1385. Periodicity of ф(м). 

It has already been seen that the function w defined by 
w*=1/4(z—e,)(z—¢,)(2—e,) is а two-branched function having 
branch-points at z=e,, 2==е,, 2—e,, and at z=% (Art. 1295), 
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and that in consequence | о. has three 
z NA(z— e)(z— e5)(2— е») 


periods 2w,, 20, 203, where 


“= | w dz, «| w dz, “= | w dz, 
е ez ёз 
these periods being not independent but connected by а 
linear relation, viz. w,—w,+#,=0. Of the three we shall 
consider 2w, and 2w, to be the independent periods. 

We have also shown that if u be any definite value of the 


integral | wdz,say that obtained by integrating along any 
2 


straight-line path extending from 2 to оо, which does not pass 
through any of the points z=e,, 2=е,, z=e,, then all other 
values are comprised in the system, 

wu — 2X, 4- 2.0, ug, 

u—2A'w, + 2u w+ 20, — ug, 

In consequence we have g(2mw,4-2nw,42-w)—$(u) where 
т, n are integers, an equation which expresses the double 
periodicity of the function. And this is equivalent to the 
statement that the most general solution of the equation 


| where Л, u, А, м’ are integers. 


9 (u)— (ug) is и=2 т, + 2nw,+ uy, m, n being integers. 
Further, it follows that 
в’ (2mo,-F2ne,4-u)g' (и), g (то Эта фм)’ (и), 
p” (2то, | 2по + ш) =” (и), 
р” (Эти tnw Hu)=p" (и), "(Отоу +w —u)=—p" (и), 
and so on... 
And in the special cases when m=n=0, we get 
е (—u)=p (и), р (—u)=— (и), 
g'(—wu-—e'(u, g"(—u)- —"(u), etc. 
1386. These results are obvious from another consideration ; viz. if we 


consider (48 —Iz-J) à as expanded in a convergent series of negative 


powers of z, that expansion will begin with the term EL ... Integrat- 
22 
‚ ing between z and œ, we have at ; and squaring, мат. and 
2 


: у 1 У 4 
therefore by reversion of series z=—,+even powers of u, i.e. @(u) is an 
u 
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even function of м. [This expansion will be found carried out in Art. 
1416.] 
Thus $9 (а), 9" (u), 9" (м)... are alternately odd and even functions of 
и, whence f9( — и) = (u), Q'( —u)- — 9 (w), 9" ( —u)- Q" (u), ete., as stated. 
Further, since these series for (u), Q'(wu), Q9" (u),... all start with a 
negative power of u, it will be clear that @(0), @’(0), ("^ (0),... are all 
infinite, and the orders of these infinities are respectively those of 


i *g d & 
I ya? yar? 80 that, for instance, 


©” (и) _ (- 2) 4 
иЗ 


1387. THE ADDITION FORMULA FOR THE ids ee 


Lt. 0 ge) =Itu+o (a) і 


Consider the solution of the Eulerian Equation A 5У "ne 
for the case when / 


X=40—Ix—J, Y-—4y-—Iy—J. 


Let =, 5, v- | a, ie. х=ф(и), y=e(v). Then 


y 


da vy dy (dv , dy 
rape c Es p d aur and du+dv= (<= Tx +55)= 0. 
Thus, one form of the integral is 4--v—0C, а constant. ...(1) 
We can obtain another form of the integral as follows: 
Introduce another variable ¢ such that 


dz dys 


and let + y=P. 


Then "ion s ndi; te аР — JX—4Y 
JX—/ Y z—y TEE #—у к 


Differentiating with regard to t, 

ФР. ГАА LAO dX —/X 1 dY VY 

d? — z—yl24/X dx а-у WY dy x—y 

es д ес m 
(х—уу [2—у 2 


—@-— Henn 37)- == i) 


+ 
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Now 
ах | GY ijG2,.9)—92], and ФК ДЫШ зуу); 
dz ' dy 2—y 
. 4P 2(2—2z4y) o je о dP ФР ,QdP 
м ce" чий 07 а, 


: аР\? ; Mey x 
3.е. Cu =4(P+C’) or P=;(5) — С”, 
whera 6 qu-dvebpsiant (aes И ИМ LIII, eren eonun nent (2) 


Now this gus having been pane on the supposition 


dz 
that — +o, i.e. that u+v=a constant C, it appears that 
TET JY T PP 
С’ is a constant, provided that C is a constant; t.e. C is a 
function of C, say ¢(C). We thus have the equation 


1/аР 
р=1() —¢(u+v), 
and we have to identify the form of the function ф. 


Now еў ; 


З lre'(u)— (vy? 
t.e. $(wtv)—1 SR "1 —z—y 
=[e? (wu) — 29’ (и) р (v) + e?(v)— 4(z-- y) (c— y ]/4(z— y 
=[9?(u)+ 2p" (и) — Iy — J — Iy— J — 4а 

+ 42?y 4- 42y*]/4 (x — y". 
Now let v diminish indefinitely. Then g(v) or y becomes 


infinitely great, and we have ф(и)= Lt 7 =2= g(u), and the 


form of ф is now identified as that of the Weierstrassian 
function ф. 


2 
Hence p=! 163 — Q (u-I-v). 


That is g(u--v)--g(u)-- (v) = |, o 


which, as it expresses Q(u-4-v) in terms of (wu), © (5) and their 
differential coefficients, forms the addition formula for this 
function. 
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1388. Symmetrical Form. 4 
Taking a third function w, such that uw+v+w=0, then 
g(u-4-v)—g(—w)-—(w). 


Therefore we have the symmetrical form 


£(0)--g()--p(v) РФР 


4| (и) — (0) 
g (0) — е w- О 
=; (v)—e(w) 1 41 e(w)— (и) 


by symmetry, and therefore 


р (и) — р’ (в) (v)—9'(w) g (w)—9'(u) 
g(u)—e(v)  e(v)—e(w)  e(w)—e(u)’ 


whence 

plu) [е (v) g (0) ]- e (v) [p (0) g (u)]+ e Qo) [е (и) —¢’(v)]=0, 
and we have the symmetrical relation 

1, g(u), g(u) |= 

1, g(r), (v) 
1, p(w), g (w) 
1389. Various Results derived. 

In the formula 


=} l[e'(wu)—e'() 
Р TUS T 4| g(u)— P] 


change the sign of v. Then, remembering that g(—v)=g(v) 
and g'(— 0) = — g (v) (Art. 1385), we have 
p (м) e (ш. 
p(u)—p (v) 
1 p°(u)+g°(v) 
2 {p (u)—p (0)? 
@ (u) р (v) 
{p(u)— p (v) 


1390. Take a function of z, y, viz. F (x, y), such that 


p(u— »H-8(0)--9()—; 


whence 


е(и+0) +е(ш— 0) 3- 29 (u) 3-2 (v) = 


@(и-++%)—ф(и—%) | | =— 


F(x, ууу (24-0) 1, 
so that F(z, 2) —42? — Iz — J =g (n), 
and Fy, y) 4 — Iy—J —g"(v). 
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Then 


= —Iz—J+4y3—Iy— 


—2(z4- y) 


(z— y 
Boni това er Li y)/|(a—y)? ; 
ELT. _F {e(u), e(v)) . 
whence Ри) ЕРЫ и: 
also e (u—v) — g(u-E-v)— g (wu) р (v) 


te- po 
: F (фи), e(v)) —e'(u) р (v) 
eT dem RS c 
1391. In the Pat 
1000) ge (v) 
(шчо) рО) = ш—Ё |, 
let v approach to ultimate coincidence with u. Then 


eQu)--29(u)—1 ts TE p ae He (olk 


e(u)—e(v) (и) 
4 ° 
eT ов e(u)} , 
il 1 (6и) —31) 
4 493 (иы) — Ге(и)—Ј` 
1392. Hence 


1 {69?(u)—31}? ig? (u) -- HD? - 2Jg (u) 
eG, apu) Ip(u)—J № Чи › 
which is a rational function of ф (и). 


1393. Moreover 


Qe d g'(w e 
qua ОЕР (и) ди gu в” (и) 


—[129" (и) p (и) — 49" (u)(g (2u) + 20 (и)} ]/p"(u) —4g (и) — 4p(2u); 


1d? : 
n е(2и)=р(и)—+{ dui log e (u). 
1394. Another form is 3e^(u) - aT pu) 
руи) - 8Ig*(u) –3Ј(и) Al? 
$(2u) —@(и) = Tuv рю ^ — А 
Since pu) E ТР, we have 
еф, К З? (и) + 9.6 (и) + 11° 
4pQu) - 8027 пи) e (p(u) — e (p(u) =e) 
й. А +. if АЙНА + C 
$(w)-e g(uw-e f(u)—-e' 


(и) p (и) — 9^ (u) 
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where A=(3Je,?+9Je, + M?)/1(e; — ej) (e — ез) 
=[ - 3 (ees — ej?) e? + Эе еле, + (езез — е1) (е, — еа) (ex — ез) 
= [(eses — е1?) (ees — 463?) + 9ey7e 205 ]/(€1 — e2) (е — ез) 
= (егез + 2e1*)* (ese + Зе?) = ее, + 2e,* = (е, — es) (e1 — ез) ; 
fi 46 (и) — Q(u) NC ict) + (62 ar а) (ез TEES е) Р 
1395. Put v—2u in the formula 


Then eu) ptu) = 29010. #00), so that (3u) can be 


expressed rationally in terms of р (м). 


1396. Now put v=nu. Then 
_ PF {e(nu), ф(и)} 
pint UF OO и te(nu)— ай} 
which expresses e(n+-1)u in terms of (жи), e(n—1)u and 
g(u) in rational form, whence g(n--1)u is a rational function 
of g(u). Thus it appears that (2u), e(3u), e(4u), etc., can all 
be expressed as rational algebraic functions of g(u). But the 
expressions for these “successive forms rapidly increase in 
complexity. | 


1397. Again, using the formula 


and putting v—2u, Зи, etc., 
— otn. 8 Qu)e (и) 
e (9078 (0— оби 


(8и) g'(u) 
4u)—p(2u)- — Ew Pin)... 
£u) PO — (ou) ры 
{е(пи) — (и)}? 
from which g(8u), $ (4и), ... may be successively calculated ; 
and it is noticeable that | 
(2и) (ш), (3u)g(u) (4u)g(u) ... 
are all rational algebraic functions of ф(и). 


g(n4-1)u—g(n—1)u— — 
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1398. General Value of o(nw)— (и). SCHWARZ. 
We shall show later that the general form of (nu) is given 
by the formula 
(ни) — ред — ren, 


where y, is expressed in terms of Sigma Functions. 
Schwarz has shown that 


1 d? 


b. a М 
where y, = (119181... a D and A, stands for the deter 
minant 

@'(и), 9” (и), Фи), -p= (u) 
f" (и), (и), (u),  ..g"(u) 


Я" (и), $"(u) gt)... 7?»(u)|. 

The method of establishing this result is pointed out by 
Greenhill (Æ.F., р. 300, etc.), but the proof lies outside the 
scope of the present account. 

For immediate purposes we may establish a difference 
equation which will suffice to give us the values of the 
function g(nu)—Q(u) in terms of ф(и) for low values of m, 
such as n=3, 4, 5, 6, etc., which is all that we shall require. 


1399. A Difference Equation. 
From the formula 
e(v-+u)+ e(v—u)= (2zy (x-- y) — M (x4- y) -JY/(x— yy, 
where z—((u), y (v), we have, by putting 


| v—nu and q(nu)—gQ(w)—R,, 


йы By г LER ORAE MM 1 
(403 — Iz —J) J- (6z2— Г) R, --2x Rp? k 
MEC TE ОО сү TN 
— (9? (и) + R, e" (u))/ R,?, 
ie. Cip iie ies ed co don В (1) 


"n ч TET 
Putting y,=@"(u)=6e?-M, у = (и) = 4233 — Ix -J, 

Xa = Зай — 3 122 — 3J x — y P —-39(u) g^ (u) - 19" (и) 
= He'(u) p” (u) — 7 (u)), 
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where the suffixes of x denote the degree in 2 in each case, the difference 


st ха Rn 
n 


equation is | AS AES Ra , with the starting equations Ё, =0, 


R= – € whence В, = Хз a (Xs!  Хах4) =- t. say, where Xs XaX4— X3" 
4 


The suffix notation will suffice until the case of R,, when a second 
factor of degree 12 occurs after Ҳз has been used. We may denote this 
second factor by фу». 


1400. Other forms of the difference equation may be convenient, and 
may be used, now we have found R,, for we may eliminate X5 or Хз, or 
both of them. 


Since 
Rts Rn+ ВВ з= XS and В, Rojit Roti Ro Xe gi 
we have Rate Rapi — В, В, у= – Хз (= E -z~) 
Р и Ra Xa 1 1 : 
i.e. Dei m В. ge (s. " EL): EMEN E (її) 


oragain — (R,,,-R,) Rati — (Rap + Rn) Rn? = (Е, Rn) ..... (Ш) 
From either of these equations or by another application of (Г), R, can 
be found ; after which we may eliminate both Х, and Хз, and form an 
equation connecting the Жз of any five consecutive suffixes, viz. 
Ria (Rit В+), Rua, 1|=0; 
Е,2 (Е, Ea) В», 1 
В. (В, ,+В,), Bei, 1 


whence (Rigs — R)(R s > n1) Gh, = Ra) 
- Rir 
T. (Ra -R, XR, a m Ra) 1% Е,+з) =0, ...(ТУ) 
n-l 
in which a factor has been inserted for symmetry. 
Now, putting п=2 in (II), we may readily show that 


ЕВ = —€— where xi; Хз? Xs- ХА ; 


putting n=3 in (IV), we similarly get 


В. =" Хз i where фФь= ҳу Хе; 


X12 Фи 
Хз Ха Фл’ 


and putting n= 4, 
R=- where фә» = Xs” Xo $i — Хаз? 
and so on. 
From the several connecting equations, 
Хв= Хз Ха Хз» Xi37 Хз? Хв №, n= Xi2 Хе 
фа = Xs" Хв Фи — Хи» ete., 
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we can readily express Xe, X12) Фо, etc., in terms of the original quan- 
tities Xo, Хз, X4, 80 that the successive values of ®(пи)—® (и) may be 
obtained in terms of v. Collecting the results, we have 


T os 3и ii — — Хз Хв if 2X Хаз 
@(Фи)— (и) A f (3u) —®(и) xi (au) @(и) эми 


P(5u)— р(и)= - XXX Фа Q(6u)-Q(u)- — I e. jj et. 


and the notation shows the nature of the factorisation of the several 
numerators and denominators. 
If we change the notation, and write 


Xs= P, Xa 0з, Хе, Xu=Vs, dis VolVaVs, Dus, 


etc., with yum l, we get 
ром) (=, (зи) рб) = - 0 


Ves ys’ 
f (4u) - 9 (и)= – m, (5и) - g(u)  — aes ye, 


ё(би)—@(и)— - 105 


1401. Factorisation of y,, etc. 
If we consider the solution of g(2w)— (wu), we may infer 
the factorisation of x,, 1.е. Ws. 
The equation gives 2u=2mw,+2ne,+u. Therefore 
2m 


umi wo, + се, or 2mw,+2nwe,. 


The principal solutions are 
2e, 2w = n a, 20, 2w, 
3 Li mI > 


and any other solutions, such for instance as 


4w, 2o, 4o, бе; 
X x zn zl 
are merely such that when added to one or other of the four 
principal solutions we obtain a complete period. Hence the 


factors of x, are 


xem pu- es ) || peo (+ 3 ')| 
pov Pros] 


and since x,23gt(u) — $1 (и) — 3Jg(u)— 2512, we have various 


, etc., 
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results from the consideration of various symmetrical functions 
of the roots of the quartic xy,—0; for instance 


v5) «eee 9) обоз) 0 


(231) e (52) e (P9) p(n) — д, ote, 


and similar results will follow from a consideration of the equations 
9(3u)=9(u), (4u) = (и), ete. 
1402. Let T atus NE Eis n e us i d Ui. z—$(w) Then 
=(y- Avec Xo i ina TRIE. 
=yz(y+2)- 1(у+2) 7M - ey -2)} - M9, JQ; 


à; F, 2) - e QyN Os 
= MP, 2) - VQ, N Q4 -aly - 2? - Cy — E a} 


= {9(v) —9(w)}*{e(v+w)—e,}. That is 
Np (v +) eg (v) -р(и)} = Vy —e (a е) = e) М e Ny — e) – е) 
with two similar equations. 


1403. It will be noted that {(0+ 20) – е, (9 (0 - u) — ез, (0+0) – e, are 
perfect squares. 


1404. In the same way 
M (v — w) — etg (v) — 9 (w) Ny — е N (s — 2) (2 — ез) + V2 — e (уфе) y — ез) 


with two similar equations. 
1405. If 2w,, 2w,, 2w, be the three periods, then 
@,—w,+0,=0 and ф(ю,)=е,, (es) =e, (s) =ез, 
and since ¢,+¢,+¢,=0, we have п (и) 9(w;) 4- 9 (ws) — 0. 
Also 
j (М Ее (u) + 2S p(u) + vol” 
p”(u) 


е, = 


9 (2u) — p(w; 
where 
Q=p*(u)— 4e,g? (u)+ Hp (u) + (2J {+ eI) o (u) + (0512-е). 
Then this quartic function Q is a perfect square. For the 
solutions of g(2u)=g(w,) are given by 2u=2)w,+2uw; + w. 
That is w=an odd multiple of }#,+-a multiple of оз. 


Ри)’ ^» 


Now F and $2 w, are the only independent solutions, 


for any others are merely such that, with one or other of 
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these, they make a complete period. Therefore the only 
different factors of Q are the two 


е(ш—е(®') and e(u)—e(2.--u,), 


which must therefore be repeated. It is therefore indicated 
that 


eQu)—e(v) - [eto—e(2) ек) (о) | е), 
no coefficient being required, because in g(2u) the coefficient 
of *(u) is to be 1/e7(u), which is so. 

The actual factorisation is given in the next article, which 


will show that the repetition could not be such that one 
factor is repeated thrice. 

1406. Since 

I= -4(ee— е); 2J +e] =4е (ee e?) ; pal? +e, — (ese, + ej? 

$(2w) — e, 
= [ft (u) - 4e (u) - 2 (eye; - e) of (wu) + 4e (еуез + e?) (U) + (еее?) 0и) 
= [9°(w) — Зе) – (ezes + e) 0и) 
= [( (и) – eY* - (ese; + 2e,") 7/0%(u), 


which shows the actual factorisation of ©. 

1407. The values of e($) в (= + os) are therefore 

е, + Nes t 2e, ùe e + 3e — M, 

and since e(*) lies between e, and œ we take the positive sign for e( 2, 
(See Art. 1410.] 

1408. We have also the relations 

w d 

e(2!)+9( 2+) е, =29(0); (т) .e( $1404) - 1-20) 

with other results. For instance 
Меи) -e= – С -e($)] ose + ws) |/ @'(и), 
where the negative sign is [per because when u is very small 
f(2u)- i @(и)= g'(u)- "TEN 
1409. Putting z=e,, e; or ej in 
fo (и) = 43%и) – Ig(u) —J = 4 (г— e) (sz — e) (2 — es), 
P(o) =P (9) — 9 (о) = 0. 
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Then — g(wo)-i a уруп Р-Р 


- cro) -g(o)- 1 EO Se) нею (o)? 


= (48 — Iz - J — 4(z+ 2e) (z — €)/4( - е)? 
= (12e? – Г) - (J + 8e”) /4(2- e, 
and 12e?—I-—4(e,—ej)(e, ез), J 8e? = 4e, (e, — е,)(е, — е.). 
Hence (u wy) – (о) = (е — 6) (6 – e3)/G 61), .................. (1) 
ie. (Qu 4) – 9(o,)) 1 (и) — 9(o:)) = (9 (i) — (09) {$ (1) – 9 (3)), ...(2) 


with two similar results by a cyclical change of suffixes. 


1410. We may therefore write the result of Art. 1394 as 
4f (2wu) — (и) + (9 (u 4- v4) - (9 (wu 4-3) -- 9 (t o- оз). (М. Trip., 1888.] ...(3) 
Other identities may be established. Thus, since 


Q(u 4-3) - e NCC ез), 


z— e; 
we have (ив) = Bao, 
ie. @/'(и+ ®,)= {© (юз) — (o) P(o) - P(w) 9'(u). 


{9(u) — 9(o1)* 
If in (1) we put «= – оу, 


2-9 =) апа к) +(e, – е,)(е – ез). (See Art. 1407.) 
Now 20; = 2 ix TE апа is real; and as z increases from e, to ©, 
и decreases from w, to О and passes the value w,/2 in the interval. 


Hence the value of z corresponding to z, that is “(© 2) lies between 


е, and ©, and is therefore > e,. Hence we take the positive sign, and 


e(2) =e (e - e)(& - e 
Also, since ®'(и)= — /4(z — ej)(z — e)(z — ез), we have 


е (3! 1) = -М (М(е е) (е — 63)) (е. ез (ei — 65) (е — е) Ves — ез + NC — ез) (е — ез)} 
= -2\(е, — е,)(е — e) [Ve — e; + Ne, — es]. 
1411. It may also be shown that 


e(2)- ez — V (e, — ез) (es — ез), e()- «- «e eo 9. 
e()- - 2A (e, — ез)(е, = ез) [Ме — es - Ne — 63) 
e($)- 2A (e — e) (6s — e) [Ves — e+ ме, — 6). 
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1412. Again 
Puto- 060 ра) puso) (22066) уц) 
Therefore 


$9 (и) (u+ cy) (u+ w) (u+ оз) = 16(e, — ез) (es — е) (e, — е,)?, 


and „ e А. 


Е и е.{е.— А 
L13. Also p СА ui ae eats (60-026), with 
two similar results. 
5 Ў (u+ w 
. adding 9 (u) (£5 ee) - i - Q(u) ; 
pu) , puto) , P(Uts) (ud oj) 
whence ато) Puto) Puro)” 
1414. WEIERSTRASSIAN PERIODS IN TERMS OF LEGENDRIAN. 
We have now to examine the relationship between the 
Legendrian and Weierstrassian systems. Taking e,, е, e, as 
the roots of 42?— 72— J —0, and supposing them all real and 
е, > e, > ез, the period 2, is defined as 
РРО TET 
^ J4(z—e)(z—e3)(z—e,) 
and is a real period (2 > e, > e, > ез). 
€9— €s 


Let Z—e,—(e—e,cot?0 and 4?—2—3, 
$795 


+ 


which is positive and <1. 

Then z—e,=e,—e,+(e,—e,) eot?0 — (e, — ез) cosec? 0 — (e, — еу) 
—(e, — ej) (1 — k? sin? 0)/sin?8, 

and z— e,—(e, — e,)/sin?0 ; also dz — — 2(e, — e;) cosec?0 cot 0 dé. 

Again z—e, gives 0— 7/2 and z=% gives 0—0; 
; 1 | : 2 (e, —e,) cosec?0 cot Ө sin?0 dé 

ve 20, = 2. à ККИ, be! II EPA un o c 

о (e,—e,) cot 04/1— віп 


ЗА ПО |Р. РР ЯР 
„е —e,Jo 1—0 Je,—e, 
Again (2 real, and passing below z=e,, see Art. 1335), 
Rt | Ё dz 
Wo == Å- mmm 
2 JaN4(2—e)(—6)(z— eg) 
е 2 dz 
три ы эшш 
a Ja] Jae- eG eG e) 
1 f^ dz 
t 2(0,—w,)=" | ———— (Q2 26 e) 


es М(е— 2)(2—е,)(2—е,) 
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Let z — e, сов?0 +e, sin?0. 
Then  e,—2-(e,—e,)sin?0, z—e,=(e,—e,) соз?Ө, 
and 2—e,=(e,— sin — k^ sin?0), 
where k= 5.4.5554 qe 
€,— 63 ? — e 


k' being positive and «1. Also dz— —2(e, — e;) sin Ө cos 0 dé. 
Again z—e, gives 9=5; z—e, gives 0—0; 
j=? PE айы 2К’ 

Өе е, јо ПИ вый а/е, е, 


dz 
Finally 2«,— af JA(z—e,)(z— e) («— e) 


уау 


is 2 lo~ 


dz 
ЖЫР m 2 — n . 
(an) = d КУГ |н oce cor c iu 
Let z — e, sin? +e, cos?0 ; 


€j — 2— €, — €; sin? — e,(1 — sin?0) — (e, — e,) (1 — k? sin?0), 
€,—z=(e,—e,) cos?*0, | z— e, — (e — ez) sin?0, 
dz —2 (e, — е») sin Ө cos 0 40; 
z=, gives 0—0, z—e, gives 9—7; 


НИ NUT. ВИ 
; PUn Pe, — ey Jo /1— k? вїп?Ө €, —6; 
K _K—.K’ —,K 


Hence ‚= 


Ware Шын comi d А eant 
and w,—w,+,=0, as it should be. 
1415. CONNECTION BETWEEN THE JACOBIAN AND WEIER- 
STRASSIAN ELLIPTIC FUNCTIONS. 
In general, taking 
Р | № dz 
z NA(z— e) (z— es) (2— eg) 
Put 2=е, + (e, —е,) cot?@, and we have 
1 | Р dé тү 
———À e ЧАИ 
we, — € Jo /1—F sin? € €— € 


(e, > & > ez). 


“= 
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Then 0—am мы 
ф(и)=е, + (e, — е) сойд=е,- 22 d a= —e FA dea 9 2(1- - 23 sint) i 
176, 
P uU Fir Ме, — esu 
t.e plu)=e; +(e; — e3) аа а Vaan 
d 
g(u)=e,+ (e, —ез) саги 
зи 
1 

f (wu) — eg - (e — €;) (А) 


sn? /e, — езш’ 
which may also be written as 


—е, —— u)—e 
sn? /e, —eu— nus "t ont fe eum а, 
u)—e 
dn? gael, ине (В) 


which show the connection between the Jacobian and Weier- 
strassian systems. 


1416. Expansion of (и) in Powers of 2. 


Taking “= [| TG Eo and z> е > e> ез, we have 


и= -[= ling nm dz, and а convergent expansion, 
2z? 
, 1.39 Lfd ] 
“= Г BET . nem Ф 2+3) +... 


1 JoY 21,84 
„ГГА tgag tms, Atl 


Баа Ja 0721.8 P 
i ELS 4.54 *8.4.7 43 3.4.9 gt 
We have to reverse this series, and expand z in powers of ш, 
we notice that v? is a rational function of z, viz. 
1 ' А tet 


ыш ЖМ ү Т? з мк 


ГЕ ae 
Then = 0*3 "E wet 


on АРСИ 
= at 0t ag tgv +... to the first three terms. 


Squaring, 


As z is obviously an even function of w, we may conclude that the 
expansion is of the form 


1 dU Аа 
из 35 +25 6 "+в" qp e 


where Аз, Аз»... remain to be found. Аз the work of reversion of series 
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is somewhat laborious, we may now use the differential equation 2’ =12zz’ 
(Art. 1384) to determine the coefficients from this point. 
iH I Taf M ue As t „Аю 
Now 2 = +0+тб ++ ш + + ү м?+..., 
2" = малек Sj plies dn +... $ 
5 3! 71° 


Aet ei АЙ Voc die 7" шу; 
whence 3! =19 Є +290). 51 (7 +280)? 
Аю_ 19/945; 25454, 7? ) 
7! ec tsi io 2) ete 
WA SCAN = доу T i AD^ 1 | n ыз i 
giving б6|= 3.57 8! 957.1’ 10! 2453.132.9 ^ 72) 
Hence » ` 
Pp I 2,7 as 317 
(ш) = atto 56 из gos 71 


1 ONE 
Mx. g.5* — 


vanishes n u. That is, for very 


f(u) - 
small values of u, еба) = 1. Also Гі, o —rt- - 6 etc. 


1417. It appears that gt) -3 di 


Again (и) (и) + 5 vanishes with u. 
Moreover the expansions of @(u), ®”(и), @ (и), etc., are now all 
known to several terms. 


1418. The Expansiofis of the Weierstrassian Zeta and Sigma 


Functions. 
Since ((u) = - [есд ёи = log с (и), we have 


ЧГ МА HM И Er 
()—7,*0-373 5 -gr5 7 313.557" БТИ 


1 Dp эл 
7363.1. pap t m) - (А) 


| ИЕ НАУ 
Also {(u)du=log u 0— ри И хн 735.8 5.7" 
ЁРЕ ИМЕ "КОД 
‘eae. А 
whence 
Iu* Ju* Du* Іл 
М рат 2.3.5. Q 2.3.57 4 97.8.59. 4 258.51. \ 


=u[1- ay at gag MI 
«(1-а Lr 


; м Iw Ju? Iu IJu 
te, o(u)=U+0- 55-953. мБ 2.35517.1] (B) 
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Equations (A) and (B) give the expansions of the Zeta and Sigma 
functions. 
The Мане 7 of integration are in both cases taken zero. That is, 


((и)-- 1 апа log 09 are taken as vanishing with v. 


1419. We note that both (и) and o(u) are odd functions of 
и, and that in consequence ¢(—wu)== — С(и), с(— и) = —o(u). 
Also that ¢(0)=00, (0) = о, £("(0)— oo, ete, 
в(0)=0, с (0)=1, 6"(0)—0, 0 (0) =0, c"(0)— 
c" (0)=—HI, ote., 


and for small values of u, т, g (и)=и. 


1420. ADDITION FORMULA FOR THE ZETA FUNCTION. 


Integrating the equation 


СОСО 


with respect to v, Situs aga A о оу. 


p(u)—p(v) 
and putting v—0, р(о)=х; г. 26(u)—C 
+ би) Sut 0)—26 (= 9 Dus ед (1) 


Also ĉ(u) being an odd function, (и — 0) == — ¢(v—u). 
Hence, interchanging u and v in equation (1), 


би) iuto- EO) MARRE i 
Hence adding, | 
((u4-9)—()—((0)—3 m MET TY (3) 
={p(u+0)+p(u)+p(0)}, 
or writing u--t— —w and remembering that 


g(—w)—e(w), 6(— 0) = —– (и), 
E(u) + 600) + (и) -Уе(и) d- (v) + e (w) =0, 
where u+-v+w=0, [See Greenhill, E.F., p. 205.] 
Changing the sign of v in (3), 


дио) (40-5 EE ald) 
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1421. By differentiating (3) and (4) with regard to v, 
d а, L1 d ры) 
1 d g'(u)+g (v). 
2 du p(u)—p(v)’ 
14 g’(u)—¢'(v) 


ad бы ((u)— 


whence g(u)—p(u--v)—5 du plu) pW)’ 
_1 d g'(u)tg'(v) 
e(u)—e(u—Y)=5 Ju pupo. 


1422. ADDITION FORMULA FOR THE SIGMA FUNCTION. 

Integrating ¢(u—v)+€(u+v)—2€(u) NM o UR with re- 
pud tod; e(u)—e(v) 

log o(u—v)+log е (u4- v) — 2 log o (u)—log {g(u)—e(v)}+C; 


and since, when v is indefinitely small, 
1 


с(и)=и and #(и)=-;› 


log o (—v)+ log e (v) = Г, o log u? E #6) -+0=0 ; 
whence " 


c (v—u) 2 (ом) 
i MA dm БҮ" С, 


log —2 log o(u)=log {p(u)—p(v)}, (1) 


"M Oa GaP) (о) 


and ` oO uae] poplu) operi Re tant (2) 
Putting v=nu, we have 


pines eU Due De. 


c? (nu) c? (и) 


1423. If we integrate with regard to v instead of with 
regard to и, we have 


» t „гй шне 2-60. du. 
log e (u—v)+ log o (u-- v) — 20 (и) [ sant oie) dv; 
whence log е 2% (и) sin Poa Же . MES (3) 


a(u—v) Jog(u)—e(v) 
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1424. Starting with 


E RT ГҮҮ S ИФ 
$ (и v)+¢ (u4-v) 26 (v) e(u)— e(v)' 
@ (®) 
о p(u)—p(») ^" 
c(v--v) (* р(%) 
PNEU) i T PA TENET Даа (4) 


1425. Since dog een а) _ —g(u), we have 


and integrating with regard to u, 
— log «(v—u)+log o (u4-v)—2u£ (v)= — 


whence log e?w (v 


KO Dd du log o(u)— log o(v). .......(5) 
1426. In the result 


oa POP) 


make v approach indefinitely closely to v. Then 


c(2u) _ e(v)—e(w) _ go ut 
s) "Pent alae) Pet оа) O 


for o’(0)=1 (Art. 1419). Hence. 
e (2u)— —o*(u) р (и)  (— 1)! *' (и) ф'(и). 
1427. Differentiating @(2u)—¢(u)= – } EA log @’(u), we have 


эр (2u) -(u)- – } rs log (а) ete, 


dni? ` 
2"ф (2u) — p™(u)= — $ gyar log (и). 
Integrating the same equation, 


~ 4 (2u) + (G0) 07 лор = - 2, 

and taking v indefinitely small, we ay in the limit 
2.3 lI 
BW 119 16 3 
Stt Прими уша ee Oe: 
p 
106 = 1 (9) 

whence 4¢(2u)+¢(u)= -1 teu)’ 


Again integrating —}logo(2u)+log (и) +С" = —} log $’ (и), 
and diminishing и indefinitely, 


ан 3 log u—} log 2-}log(—1); 


= —}log(-1); 
g*(u) i.e. nid — g^ (u) W’ (и), as found before. 


o@u) = 198 


n. =l 
We eto 
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1428. Putting »—2 in the formula 
(m) - (v) - ede 
| Fue PO P(2u)= дави; 
d ry) (= 108 (u) | Cu), plu) 
^o o(3u)= 1o? (u) g*(u) 2, 72198 0 ()- quay P (и), р" (и | 


we have 


1429. To find c (4v), we have 
а (4u) = – о*(2) 9" Qu) = – [o (u) $’ (и) 9' (2и) 
= - e? (u). рти) (2u), 
and by aid of these results we might proceed to find o{5u), e (6u), etc. 


1430. Corresponding to Euler's Theorem, 
cos @ cos 20 cos 2? 0 ... cos 27-1 Q = sin 2^0/2" sin 6, 


we have = - g'(2n71u), ej - g (2n), ... 
m" - 9 (2u), T eT ae 
whenbé ae = ~ g'(2-1u) . g^ (97). СО p" (u), 
1431. Writing v^, for d we have 


Уһ Ман .0(n-1)u. o(n+1)u (cu)? \2_o(n-1)uo(n+1)u 
T > (eu) WC (ga) "Aoe(nu)] muou) — 


= (и) – g (пи); 
Ут Ynti, 
У» 


< g(n)- (u)- - 


The value of у„(и) found by Schwarz has been shown in Art. 1398, 
expressed in terms of differential coefficients of $ (и). 

Supposing the functions E, to have been found in terms of Q(u) as 
explained in Art. 1399, etc., үг, can also be expressed in the same manner. 

For 


Vn Var fi ; AT Va t Enc) 4 7 А V, Ys -Р,, Va y Pi R,; ; 


5 TT it. =, Vy 
2 V (Pra Wns ә osa V т? a 
(uy ts) (РУ GP) 
=(- ё: Rs RE pap, 
and jy RB = -W (u), V,-1; whence (n>2) 


o? (и) 
ы кык. шн. “в 
a=- Ll Rag UU CEP LP cr 
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oam (21) рар R, Reg R s... RII RE, 


g (nu) 


be (i) (- D'7 (pi (pu фи)" pu- Зи"... (pu— gn— Lu). 


1432. General Form of the Differential Coefficients of (и) with 
regard to w. 
Writing P, Pi, P,, ete., for ф(и), ф' (и), g” (и), ete., for short, 


we have Р/?=4Рз—1Р—., 
Р,=6Р?— M, P,=12PP,, 
P,=12P+12PP, 

=aP?+bP+e, say, P,=(8aP?+b)P,, 


P,=6aPP2+(3uP?+b)P, 
=a,P!+b,P?+¢,P+d,, say, P,— (4a,P*4-2b, P 4- c,) P,, 
P,— (12a, P?--2b,) P?-F (4a, P?--2b, P 4- c,) P, 
=, P5 4b, P+ c, P?-- d, P -- e,, say, 
P, (5a, P*-- 3b,P?--2c, P -- d;) P,, 


ete. ; 
whence it appears 
that P,, P,, P,, ... are all rational functions of Р 
and that Р,, P;, P,, ... contain an irrational factor Р). 


If we suppose these equations solved to express the various 
powers of P in terms of P, P,, Ps, ..., we have 


Р-Р), — P-i-bP-9, 
pi 1 (P, (РН), Pa), 
1 


pt {P,—2(P,—bP —c)—2(P,+11)—d,P—4}, ad 
whence it appears that any positive integral power of P 
can be expressed linearly in terms of P and its differential 
coefficients, and that the general result will be of the form 


P= AP, 44 ВР, + OP. a PLPA M, 


in which no differential coefficient of an odd order occurs, and 
the coefficients are all functions of J and J not involving the 
variable and readily calculable in the early cases. 
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1433. Integration of Rational Integral Algebraic Functions of 
(и) with regard to т. 
It follows from the last article that 


| P^du— AP, 3 ВРи OP. el... 

Е +KP,+L€(u)+Mu-+a const., 
in which the Zeta function appears from the integration of 
the term LP. 

Any rational integral algebraic function of g(u) and р'(и), 
ae. of P and P, сай now be integrated. For if it be 
separated into two parts, the first containing all the even 
powers of g'(u) and the second all the odd powers, then 
after substitution of 4P5— 7 P—J for P,?, we have a result of 
the form ¢(P)+ x(P)P,, ф and x being rational integral 
algebraic functions of P. And when $(P) has been expressed 
as explained above as a linear function of P and its differential 
coefficients, each term is directly integrable. And if x(P) be 
expressed in powers of P each term of х(Р)Р, is directly 
integrable, for | PrP, du— Pr f(r4-1). 

d (pt 
du 71 
f (AP 4-...--M)— AP, ..., 
it appears that P'P, сап be expressed as a linear function 
of P and its differential coefficients, and that the same is true 
of x(P)P,, x being rational and integral Thus, whatever 
rational algebraic functions of P, ф and x may be, the integral 

part of $ (P) 4- x(P) P, is expressible in the form 
А+А,Р+А,Р,+А,Р,+..., 
and із integrable with respect to и and expressible in the form 
C+ Au4- А, (и) +A plu) d- Ав (и) A5" (u) 4- .... 

1434. Thus, for example, to integrate (g(w)4-g'(u))? with 
regard to и, we have | 
(Р-ЕР,)”#=Р?*-ЕР,#-„2РР,=4Р?%-- P? — IP—J --2PP, 

— 155 (P,4- 18IP --12J) -- 1 (P, 4-11) - IP—J -2PP, 
— Jo Pi +P IP E (1—$J)-2PP,; 


^ [tto --e y du— C-- (QT ини 
+p lu) 4-39" (u) + 3s e" (м). 


Moreover, since P'P, = | which is of form 
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1435. If we differentiate equation (1) of Art. 1420 with 

regard to u, 
C(u—v)+ €(u4- v) 260 (u)— у Цио. ра и ых 
x Spi pw) [(и)-в( 
and an interchange of u and v, or a differentiation of (2) of 
the same article with regard to v, gives 
Ugly a: ЖЕЛЕК ы... 
Cut uto- — иј oa) [oP 
a further ditferentiation with regard to v gives 
и) (ио) 26") 
TEE AU. _8@(®)@ (®) 2е°(%) 
 $6)—e() [риф  [e()—e()T' 
ete. 

Thus we can form fractions containing [g(u)—¢(v)]*, 
[e(w)—gQ(v)P, etc, in the denominators with no functions 
of и in the numerators, and this will presently be found 
useful (Art. 1443); and since ('(v)— — (wu), we have 


БТ 10. 8 0—9) — (ио) 300), 


PORTIO 

M UA Hans. ee E 
CORTO AAA р, 

дез (v) IU NOB Lou А 
[e(w)—e(v)B - ОР #(и)—в (5) 


NETTO ACN 
[e(u)—e(v)P* 
etc. 
Integrating with regard {о и, 


e'(v) haso —log o (u—v)—log o (u+ v) 4- 2u£(v) 4- const., 
du ЕК - 
e*t) eco sem" f(u—v)— Ци) —2u (v) 
о 
g(u)— (v) 


р du EN RS UE 1. 
С g(u—v)4-g(u4- v) — 2ug'(v) 


at du C» , um hia ЖИНИ 
=p 9} ое) РОР Осо 


ete. 
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Each such integral is therefore expressible by means of 
those which have preceded it, the first being completely 
integrated. So that all such functions as 

1 1 1 
Ж К ARE pie | P a т а? | ae т EET T. etc., 
plu)—a [e(u)—aP [p(u)—aP 
are integrable and expressible in terms of p, ( or с functions. 

In the case where (v)=e,, e, ог ез, we have v=a,, w OF ws 
and Q'(v)—0. 

We now have from the second result, 


Po) (a ^ = — ((u— о) — (ио) — 2eu, 


with corresponding suffixes for e and w, replacing the fitst 
integration above, and so on for the other cases. 
And g” (w,)== 6e,?— 1I = 2e,e, + 4e,?, etc. 


1436. As a particular case, if we put g(v)=0, v is a constant 
> dz 
fined by v=| ~=. 
defined by v Г “ЖЕГУ Апа 
$?(v)—49*(v)—Ip(v)—J— —J,  g'(v)—6g'(v) —31— — 4, 
g” (v) — 19g (5) р (v) —0, 0" (в) = — 19J, ete. ; 


du [ du du 


hence the successive integrals | ——, |-——, |= ete. 
ki BUT Jew Jet Jew 


may be at once expressed. 


1437. The integration of the function ыйа. (ае, е, or ej) 

А be eff e(u)—a 
may now be effected. 

Let a=g(v), which defines о as a certain constant, viz. 
N = 
а „/423— Iz —J 423— —J à 

в (и оке (»)) @(u)— ES 
923 —4 ju ДӨ. e(w)—e(v) ф(и)—ф() 


= ү КЕРЕ С(и)+С@)})—{(и-++®)—(ш)—(%))] 


and g'(v) = —„/4а3—1а@—.,/. Then 


= Aalto v)—E(u+v)+2E(v)] (or by Art. 1435); 
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whence 
du 
Ри) а p д [log o (u—v)—log o (u+v)+2u¢(v)]+ const. 
SALA 1 oug (о) 9 (4 — v) 
e (v) oge c (uo усов 


1438. Art. 1435 shows that we also have 
P du 
e*t rg (90 60-0) 2u р) 


н du 
—" (v) | (а) а’ 


2р | ee ag (и) + (ut 0) 2u plo) 


We ae d 
-pro | zw mento [ть 


апа so on. 


| @ (и) | и _„ 
1439. Integrals of form En. — 7—00, еа) are of 
course directly integrable as 
1 1 
log[g(u)—a] and т) а: 


1440. Integrals of form Ea, where F is a rational 


integral algebraic function, can be integrated by expressing 
F in a series of form 

Ag" (u)+ Boe" (u)4- ... -- Ko(u)4- Г, 
and then dividing by g(w)—a, thus reducing the integrand 
to the form 


| L 
А'ф"-і B'gn- HE+, 
PHB PH.H H 
and each of the terms of form Лф’(и) may be treated as in 
Art. 1433, whilst the integration of the last term is effected 


above. 


1441. Integrals of form 


| Е[®()] du 
[(w)—a][@ (и) — 5] ... [e(u) —] 


follow the ordinary rules of Partial Fractions in the first 
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place with an ад of the several terms of the form 
Zap (u+ а m: 
above. 


1442. Ex. Thus 
$?(u) du a? 


[9 (v) – a] (ev) -opu – с] НЯ Zua- Fas a^ 


a? Un e (u Uy) 
"n (a — b)(a — с) gj log e ek т)’ 


where “= Г LA: из — ete., из = ete., and 
@’ (u;)= — 443 — Ia — J, etc. 


= Which accrue, following the rules described 


1443. GENERAL SUMMING Ur. COMPLETION or THE METHOD. 

We can now consider the genera! case of the integration 
of a function of form (4-4- BA/Q)/(C4- D VQ), where А, B, С, D 
are rational algebraie functions of z and Q is a rational 
integral algebraic function of x of degree З ог 4, thus extend- 
ing the result of Art. 318. By exactly the same process as 
in Art. 318, the function may be thrown into the form 
U,M 1 
VIN Jo 
functions of = The transformation z=ay+ 4 may be 


applied to both parts, or to the second part only, for [5а 


is directly integrable in terms of z by the rules of the first 
seven chapters. But for the sake of uniformity in the result, 
let us suppose the same transformation is applied to both 
parts. Then, having determined u and у so as to reduce 


where U, V, M, N are rational integral algebraic 


» to the Weierstrassian form isi etta let us put, as in 


VQ NAzi — Iz—J 

Art. 1432, o(u)— P, g’(u)=P,, etc, where и is g-!(z. Then 
U/V and M/N, which are functions of x, take the forms U'/V' 
and M’/N’ respectively, where U’, У’, М’, N'are rational integral 
algebraic functions of P, or what is the same thing, z; and 


Jew 79) [Е (2—1)? Я Jefi p Р, 


= [у P dut [р du, 
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where U"/V" replaces — U'u/V'(z—5)*, and U”, V" are rational 
integral algebraic functions of 2, i.e. of g(u) or P, and М’, № 
are also rational integral algebraic functions of P. 

Now U"/V" and M'/N' can both be expressed partly as an 
algebraic series of powers of P and partly as a series of Partial 
Fractions. 


Suppose 
U" M' Р м’ 
y =ЖАР'-+> =a (P—By Ty and dm P+ = am (P— {Р В” 


which are the most general forms. 


н _P ç Pdu 1 a: 
Thea [PP denser) | pig aT (P= ges m 
x log (P— В), so that all the terms of ke р” Р.и can be 


integrated in terms of Р, i.e. of g(u). 
Also [pau has been shown in Art. 1432 capable of integra- 
tion, and the method to be followed has been there described. 
ics the integration of terms of the form | nio or 
[е (P— PBF has been discussed in Art. 1435. The total result 


is therefore expressible by aid of the Weierstrassian function 
$(w) and its associated Zeta and Sigma functions, and the 
addition formula for each has been established. 

This therefore completes the theory of the integration of the 
most general algebraic function of nature (A+ BYQ)/(C+ DVQ), 
where Q is of degree 3 or 4, the cases of Q being of degree 1 or 
2 having been completed in Art. 518. 


1444. ILLUSTRATIVE EXAMPLE. 
Consider the integration 
shi [ 23 dz 


z (2—1) (2—2) 4 (24-1) (2«2« o). 


Let z=p(u, 0, —4), ie. ery and let a, В be 


two constants defined by $(a)—2, 9(8)—1. 


www.rcin.org.pl 


560 CHAPTER XXXII. 
Then ¢?(a)=36, 92(8) —8, "(a)— 6. 22=24, 9"(8)—6. 12—6, 
and we have 4 1 
U-[ {1 а sa} du. 
Hence, by Art. 1437, 


U=u-+8. i log guo (ии) , 1 X log шө СЕ) 8) 


oluta) ^ J8 +В) 


-3 (-tw—-8-(w--8- 2u— log eun СЕЎ} +0, 


and C is to be determined so that U —0 if u=0. Simplifying, 


U —u--3log enoa) 13 log eum TU) 8) 


с(и+а) 842 c (u4- B) 
1 ё (и) ; 
+5 (26(u)-+ 9 420) +6; 
and when v is diminished indefinitely, 
a | 
o= log (— 1) 2. log (— Им dud +С 
ш "x 
и? 


а 15599 95 ni 
—alog( 1) 8.75 08 | 1)4- C. 


Therefore subtracting, 


с(а—и) 13 c (B—w) 
рута Өр) 


1 (и) 
TT "t8 s(uj—I' 


where u-—g$(z,0, — 4), a-—$1(2, б=@1(1). 


1445. For further development of this part of the Theory of Elliptic 
Funetions, the reader must be referred to some book expressly dealing 
with this section of the subject, such as Professor Sir George Greenhill's 
treatise, where he will find a large number of very elegant applications of 
their use to the problems of higher Applied Mathematics, and a much 
more extensive account of them than space admits here. 


Cy M. 
U= uta log e?"£(« 
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PROBLEMS. 
1. Reduce the integral 
" dx 
EEEE 3ye — 5) (8s 5) 
to the Weierstrassian form, by putting z—?2 ka Show that the 
moduli of the SERAT are 2//5 and 1/4/5, and + u — 7 (1/(x - 2)}. 


Show also that ma кы j d im 3-9 mod. — 3 


ortu show that if 
/423 — 202 — 28 


Z7» 6 2» 6$ >в, 


(2<2<2.5) 


2. In the integral «f 


(1) g(u) = мамаа. ; 


ii ghd Дек lagi 
(ii) Qu) =" —3u 5-21" 7e 
T: " 1 ох, 
(iii) o(u)=u — тг — 39" 
dx р 
AN стека тета 3z 4 1) te д 
a=y/(y - 5) 


that the integral is reduced to Weierstrassian form. Prove 


also that 
5х 14% +1 ji 


M “35 at 
Jg g(— p 8% 80) dn- BOr-T' 


4. Show that | 
3%'3(и) 9 (2u) = 6446(и) £i 8014*(и) 4 320J*(w) 
= 201%9%(u) – 161Jg(u) + (I? — 3273). 
Also show that if 2u zi Е = 
factor. - 


u= 


‚ $'(2u) contains (wu) as a 


, the roots of the 


5. Show that for the integral sf 7 
per g'(2u)=0 are given by ф(и)=й vm 1) aw(/3 +1), 
aw*(/3 +1), where о іѕ one of the d ua roots of unity. 


Show also that @(2u) – (wu) = – pi — - and that 
p” (и) = 24 {5e%(u) – x 
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1 ewe соз aa 
вп}. 


6. If м- | 3 3a? 2+ 34.72 cos 15° 


dz 
z 4/23 — аз 


, Show that u= 


Mod. sin 15°. 
7. For any Weierstrassian Integral, show that 


i Eer A n E u*((u) — u 
Q ш. (007) 2; d Ltn {Soe} = + 


8. И u=g-(z, 84, - 80), show that the values of e(2) and 
e( + os) are 4 3/3, and that 
$ (wu) Vp2u — 4 + (и) – 8g(u) - 11 =0. 
Show also that 


p'(u+w)= – 279 (u)/ (gw) – i) 


®'(и+о,) =  l8g(u)/(p(u) — 1}, 
(из) = — 54g (и) /{ф(и) + 5}%. 

x dz 
9. If w=] ————_———__; 
i {@ — е) (£ - e2) (2 - e) 
substitution y? = (@ e eS) and show that 


(z-e) 
PUNIRE I үз „ ш] das Lad 
y=9{5VGi — ё) (€, — ез), 9, ue XT. 


transform the integral by the 


10. Prove the relations, . 
(1) e*(u)a (v + w)o (v — w) + o*(v)o (ш + u)o (ш — и) 
+ o?(w)o (и + v)o (u — v) = 0. 
(ii) pluja? (ujo (o4-w)o (v — w) + 9(v)0%(0) (10 и) с (wo — v) 
+ g(w)o*(w)o (u- v)e (u - v) - 0. 
(iii) ри) оз (и) (оо) (о — о) + ео оо (ш + u)o (о — и) 
| +g (wot (w)o (u+ о) (и — v) 
= e*(u)e*(»)a*(w)(g(v) — p(w)} {p(w) - р(и)} {е(и) - g()). 
(iv) e (v + w)o (v – w)o (u + z)o (и — 2) 
3 o (и + w)o (w — u)o (v + z)o (v — 2) 
o (и + v)o(u — v)e(w + z)o(w — z) = 0. 
[Свевмнил, Æ. F., p. 208.] 
(v) ои) о0о + дао — м) +060) (о + u) ew — и) 
+ e*(w)o*(u + v)a*(u — v) 
= Зои) 02(v) e*(w) о (v+ ш) о (v — о) (ш + ш) ow — по (u + v) о (u — v). 
11. If us (e, I, J), find the values of 


"I plu) 12g'(u) - I 
fero dz, e(u) dz, fe dz, Рр е — lotus — 7 p (u) - lolu) - J =I (u) а 742. 
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12. Find the values of 
du | аи 


[eto du, [eos formas, IE eu Jeu Jeu 
13. Prove that 


Ури – e) (go — ри) ром) - ej [p(v — w) - ej = 
where the sign of summation refers to any three arguments и, v, w, 
and e is any one of the usual quantities ¢,, е, ёз. 
[МАтн. TRIP., 1896.] 


14. Prove that 
i 2 UA 2 
8g (u)g'(2u) = g?(u) — 31p(u) — 18J — а-а-а. 


и) – е 
15. Prove that 
Volu) — е, + Vou) — e, + Vg(2u) — е, = (12g*(u) - I /49'(u). 
16. Show that 
«еса du = 19*(u) + log (фи — e)':(ou — e;)*s(qou — e3)", 


where a, = (6 — 6.)(е, – ё), а =е., а; = etc. 
17. It b(u, v) = 2010 «—'@®), show that 


(i) Ф(и, v) (uw -v) = р(и) - e(v) ; 
(ii) H(u, юу) =$(u, — о) — Je(u) - еј. 


аъ aX) 
(ө) 


18. Putting еч) = g (wu), ete., etc., show that 


а (2u) = 20 (u)o (u)r (u) (м). 
[Свкемнил, Е. F., p. 208.] 


19. If the function ф(и, v) be defined by the equation 
p'u) – (о) 
log bu, e) ed ES pny d 
show that (i) se 0) ф(и, —v)=e(u) – (v) ; 


(ii) 5 oe (rm - ((и)- (0); 


(iii) ; а = 2p (и) + (0). 


Hence give ће general solution of the following case of Lamé's 


Equation, viz. 1 


Е ту = 29(u) + (v). 


yd [Свквхних, E.F., p. 210.] 
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20. Prove the results 


@ = EE gp eee Ep -) etie); 
(1) - e() 


X @ up w) + e'(e(Q) . 
(0 (и) e): PMP) ион 
qi ЁРЕ EC) НО pu); 


7) oreen (g(v) - 9Q))g'u – ») 
- (9()* 9 Q))g'(u + v). 
21. Obtain from the definition of the function ф(и) the formulae 
(а) физ) +р(и + (о) = m; (0) ф(и) ричи, 


= — 20'(u+2) ; 


where 2m == (Q'(u) – 9'(v))/((v) – e(v)}. [Матн. Trip. IL, 1918.] 

23. Prove that 

du 1 1 u 
E "an eig 0*3 N 

23. Prove that e, (2u) + e, (2u) = 20,(и)с, (и), where A, p are any 
two of the integers 1, 2, 3. [Матн. TRIP., 1890.] 

24. If У(и) - 9(u- v) + (и) - e, с=е – е", prove that 

c BRE Diem EL 0 
У (и) + 2e WORT 9 (и) - e” 

and [S (u)]? = 4 (Su — E) (Su - E;) (Su — E), 


where E,, E,, E, are respectively © + (96? — о?) and — 2e. 
(Mats. Trip. II:, 1919.] 
25. Show that the function {ф(и)- &)? is a single-valued 


function of и, and obtain its periods and its addition equation. 
(Mats. Trip. П., 1918.] 
df 


a vs ф — sin a) (1 — sin B sin ф)}% 
expressible as а single-valued function of u in the form 
(sin $ — sin a)/(sin $ + 1) = $ (1 — sin а) sin? (pu, k), 


26. If we , verify that sin ¢ is 


where 
p?=4$(1-sinasin В), k?=4(1 — sin a) (1 + sin 8)/(1 - sin asin £). 
(Maru. Твтр. lI., 1918.] 
27. State the pr operties of the elliptic function (и), which prove 
that there is а single-valued function а (и), such that а? (и) = ф(и) — e, 
and ua (и) = 1 when и = 0. 
Defining similarly 6 (и) = {ф(и) — e,)3, с(и) = {e(u) - e3}, prove that 
a (wu) b(v) e(v) — a(v) b(u) (и). 


а? (v) — a?(u) 


a(u+v) = { 


(Maru. Tzir. IL, 1916.] 
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28. With the notation of the last question, show that if 
a'(u) ы $). 
du 
(i) a(u o) a(u) 2 a (v) = – a*(3o) ; 
(ii) 2а(и) b(u) c(u) a (2u) = a*(u) — a*(3o) ; 


(iii) f (ио) nm log [pu 00) 602) 
0 


[Матн. Trip. П., 1916.] 
29. Prove that 


(i) e(3o) + g($o + v) 222, ; 
(ii) (3ч) - (do) -2(( = e) ( = 0915; 
(ii) (вч) = —2 ((e, —e) (е, - e9)3((e - €a)? + (в, — 693). 


(Maru. Trier. II., 1913.] 
30. Prove the formulae 


еп а еп В — сп (а + В) dnadn В - dn (a+ В) 
т Карды Мб В ^ 
and hence verify Cayley's theorem, that На+В+у+6=0, then 
k? – kk? sn a sn B sn y sn ô+ A? cn a cn B en y en ё 
— dna dn В dn y dn 8— 0. 

Prove independently that with Weierstrass’ notation the addition 

theorem may be expressed in the form 
(e, — ез) ола с түү (6 — 61) oso FB ogy + (6 — е,)оза 0,8 озу = 0, 
where а+ 8 +у=0; and show that the equivalent of Cayley's 
Theorem is 
(e — е) 1 o B o, y тё + (65 — е) оао, ogy TÒ + (6 — 6) овас бозу 038 
+ (es — eg) (es — €) (6, - eo) са eB су тё = 0, 

where a + B 4- y 4-86— 0. [Maru. Твір. II., 1890.] 


31. Show that ci) = Нед” - 9 *(u)) 


(Maru. Tni». 11., 1889.] 
Show further that this result when expr и x a  Fünotion of (u) is 


3o (u) -- 349? (и) — 3JQ(u) — < 


snasn В = 


32. Evaluate (i) -$(»)*du; (п) Sidhe payne 
(Matu. Trip. II., 1889.] 
33. If one straight line cut the cubic curve 1? = ах? + 02 +с in 
(21, 21), (ж, %), (т, 23), and a consecutive straight line cut the 
curve in (2 + dz, , y, + dj), ete., prove that 


dar, у, + х,у + dx, [ys = 0. (Матн. Твір. I., 1914.] 
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34. If a variable straight line cut. the cubic у = az? + bz? - cz - d 
at the points (z,, y), (zs, у»), (Z4, Уз), and a contiguous straight line 
cut the curve in (z, + dz, y, + dy,), etc., prove that 


(1) y goa = AL Ltg + В (ns + a +22.) + C(x, ка +2) +4; 
(ii) dz,/y,? + dz,]y? + дш у, = 0. [Свекмних, E. F., р. 170.] 


35. Show that [p(w - м) — е, [еи — e] = (е, — е) (e — ез). 


36. If wf (23 + a)" 4(a2 + 02) dz, express х as а single-valued 
0 


function of u. (Marr. Твір. IL, 1919.] 

37. Prove that ——— ; AN dimi ri , where J, m, n are the 
gu-e« (u-en)(e- ex) 

numbers 1, 2, 3, taken in some order. (Maru. Твір. IL, 1913.] 


38. Develop a proof that if «= | Ф then х and 


o V(1 = #) (1 - 8)’ 
УЛ – 22 are single-valued functions of и. Explain clearly what 
conditions the path of integration must satisfy and how you fix the 
value of the integrand at every point of the path. 

Express х as a single-valued function of u when 


ы dt 
-f А-З) x8) (Матн. Tere. IL, 1916.] 
39. If 2o, and 2w, be a pair of primitive periods of the elliptic 


functions, : (2) AP: 2 
pluto) | Ду оү | 
(i) Show that eiu "oUm [PE my (е) 


9 2 + o) dep! fe * 29 (77 * «) 
e(2) Plo) +2 ( 79) 


Hence show how to express the coordinates of a point on the 
quintie y = z(z* — 1) as elliptic functions of a single parameter. 
[Возкатое, Proc. Г.М. Soc., 1892.] 


40. Show that 
81253343 
Е (3u) - ЗЕ (и) = І 609+ 4 (E +19) 56 — 3158 


(Maru. Trip. П., 1913.] 


